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Analytical Investigation of Near-Parabolic Lunar Trajectories

between Moon and Cislunar Libration Point

Wirriam B, Brair*
Lockheed Missiles and Space Company, Sunnyvale, Calif.

An approximate analytical theory is developed for analysis for near-parabolic trajectories
between the moon and the cislunar-libration point (L;). The analysis of the Earth as a per-
turbative influence on the moon-referenced trajectories involves the local regularization of the
unperturbed and perturbed two-body problem and development of general Encke-type per-

turbation theory in the regularized domain.

The linearized perturbation equations are

demonstrated to be analytically integrable in the regularized domain. The analysis investi-
gates velocity requirements at I, and the moon for passage in either direction and passing
either in front of or behind the moon. The approximate analytic theory gives close agreement
to representative numerical results from a digital computer.

Nomenclature
a = gemimajor axis
EF = eccentric, hyperbolic anomaly
F,,F; = system matrices, Eq. (23a), (27a)
f = force vector
g.,gs = forcing vector, Eq. (23a), (27a)
h = angular momentum vector
i,j,k = unit vectors
2 = cislunar-libration point
n,n = angular rotation vector, rate of Earth-moon system
P = semilatus rectum
r,r = radius vector, scalar radius
r',r’ = regularized velocity vector, radial component
R = Earth-moon distance
4 = time
U = universal functions, Eq. (16)
v,e = velocity vector, velocity
w = dummy variable
z = universal anomaly, Eq. (2)
Y = dummy variable
@ = 1/a
3( ) = perturbation notation
g,e = eccentricity vector, eccentricity
0 = true anomaly
A = normalized anomaly, Eq. (33)
u = »*
v = gravitational constant
T = dummy variable
$,¥ = state transition matrices
o,y = state transition matrix elements
® = orientation angle, Fig. 1

Superscripts and Subscripts

e = Earth

(F) = forced, or particular solution

(H) = homogeneous solution

m = oon

N = nonrotating coordinate system, Eq. (69)
0 = initial condition

R = rotating coordinate system, Eq. (69)

T = matrix transpose

x,y = vector components along i,j
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Introduction

HE advent of extensive manned exploration of the lunar

surface has generated interest in the use of the cislunar-
libration point L, as the possible location of a staging-space
station. The relatively fixed location of the libration point
L, in the rotating Earth-moon space at approximately 15%
of the Earth-moon distance from the moon presents the dis-
tinet advantage of no time constraint on passage between L,
and the moon or communication with the visible portion of the
lunar surface. The feasibility of and the station-keeping re-
quirements for such a space station, or libration point satel-
lite, have been recently investigated by Farquhar! and others.
This paper is concerned with the systematic development of a
general regularized orbit perturbation theory with application
to the analysis of near-parabolic trajectories between the moon
and L.

The particular family of lunar trajectories investigated are
Earth-perturbed, near-parabolic lunar orbits with perilune at
the lunar surface. Although the theory may be extended to
the elliptic or hyperbolic class of orbits, the choice of such
would necessarily involve some considerations of available
flight time vs available fuel and are beyond the scope of this
analysis. Also, it might be noted that minimum energy-trans-
fer trajectories between the moon and Ly are necessarily near-
parabolic. The assumption of perilune at the lunar surface is
justified by the patching of the Li-moon trajectory to a low-
lunar circular orbit, consequently resulting in a more efficient
over-all coverage of the lunar surface, as opposed to a direct
ascent/descent modus operandi. The analysis considers tra-
jectories passing both in front of and behind the moon and
both to and from L.

The analysis of Earth-perturbed lunar orbits may be ac-
complished by numerical techniques usually involving the
numerical integration of either Cowell- or Encke-type equa-
tions of motion, where numerical iterative techniques are
generally used to resolve the two-point boundary value nature
of the general transfer problem. Analytical representations
in the time domain are generally complicated by a number of
factors: 1) the analytical integrability of the perturbed two-~
body equations of motion, or the equivalent Encke perturba-
tion equations; 2) the validity of an analytical theory for
only a specific region of the elliptic/byperbolic class of orbits,
or difficulties with the transition from the elliptic to hyperbolic
class; and 3) the occasional proximity of a solution, such as a
series solution, to the singularity of the two-body equations of
motion atr, = 0.

The basis for the analytical treatment presented herein in-
volves a local regularization, i.e., regularization with respect
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to the primary attracting point mass of the general unper-
turbed and perturbed two-body problems, first presented by
Burdet®? and arrived at subsequently and independently by
the author, and the development of corresponding nonlinear
and linearized perturbation equations. The resulting differ-
ential equations of motion are all nonsingular, and are uni-
versally applicable for any class of orbits, and the resulting
linearized perturbation equations are analytically integrable
for a variety of perturbing forces.

Regularization

The two-body vector orbit equation of motion for inverse
square attraction between two bodies and with time as the
independent variable is the familiar

f= —pi/r’ (1)

which is not only nonlinear and coupled but also singular at

= 0. The object of a regularization procedure is, of course,
to remove the singularity of the vector equation; as will be
subsequently seen, other undesirable characteristics of (1) are
also eliminated by the regularization.

The procedure to be employed is the well-known change in
the independent variable from time to a new variable z, the
defining relation being

dx/dt = v/r 2
where, by quadrature, we obtain
ellipse: z = (@)"*(E — E,)
hyperbola: z = ([a)2(F — F,)
parabola: x = (p)%[tan(8/2) — tan(6./2)]

(@02 — (2r,))/?]

Regularization of Eq. (1) is then accomplished by first taking
twice derivativesof r

rectilinear parabola: =z

d(r)/dt = [d(r)/dz])[dx/dt] 3)
d*(r)/dt = t"3* + r'é = —vr/r (4)

where
&= dly/(@x-0)V2]/dt = —yr-t/r} (5)

Substitution of Eqs. (2) and (5) into Eq. (4) and multiplica~
tion by (#2/»?) resultsin
" 4+ (—r-#/»)f +1r/r=0 (6)

At this stage it becomes necessary to derive formally the ec-
centricity vectore. From

d(w/r)/dt = [x-ni — (r-b)r]/r® @
= [@ X 1) Xr}/r (7a)
=h X r/r? (7b)
=1 X h/» (Tc)
we obtain
r/r=1tXh/»? - ¢ ®)

where ¢ is the vector constant of integration. Comparison of
the dot product of Eq. (8) and r with well-known conic rela-
tions identifies the vector ¢ to be the eccentricity vector e, a
vector directed along periapsis with magnitude e. Therefore

P X h/v?—1/r (9
E-t/v)r — (r-t/v)t — r/r (9a)

and the second term in the RHS of Eq. (9a) is recognized as
the second term in Eq. (6); substitution yields

"+ @2/r —r1/v)r = —¢ (10)

I

€
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The scalar factor of r in (10) is recognized as the modified
energy a (=1/a), thus establishing the regularized vector
orbit equation

" + ar = —¢ (11)

The resulting equation is not only nonsingular (as expected),
but also a nondimensional, linear, constant coefficient vector
equation. Since « is a scalar constant, the components of r
are thus represented by uncoupled second-order systems.
Moreover, both constants of Eq. (11) are orbit constants, and
the type of conic, L.e., ellipse, parabola, hyperbola), directly
corresponds to the type of Eq. (11) according to the signed

value of «, recalling that
ellipse: a>0, a>0
parabola: @ = «, a =0

hyperbola: a <0, a <0

Taking the dot product of Eq. (11) with r, and noting that

dir)/de =" =1r'-r/r (12)

and
dx’-r)/de = t".r + 1’1’ (13)
= "y 4 r'2 (13a)

we obtain a similar equation for the scalar radius
" ar =1 (14)

obtained earlier by Pitkin.*
The general solution to Eqs. (11, 14, and 2) is given by

r U@ Us) —Us@\f*,
<r'>= ol Uie — U <r> (15)

€

I

r

ToUl(ﬁ) -+ ToIU2(x) + Us(ﬁ) (153)

vt r.Us(@) + 7./ Us(x) + Uslz) (15b)

i

where
Ui(z) = cos(a) %z
Us(z) = (a)V? sin(a)Y2x
Us(z) = a(l — cos(a)/2x)
U,(x) = alz — (a)¥'? sin(a)Y/2x)

and corresponds to a different form of the universal orbit
formulas of numerous investigators. The usual practice in
the literature, (e.g., Battin®), is to define other special uni-
versal variables corresponding to the matrix elements of Eq.
(15), namely

Ulz) = cos(a)V%x = 1 — a?/2! + o®2xi/4!. .. =
1 — az?C(ax?) (16)

Us(z) = (@) 2 sin(a)t?% = 2 — ax?/3! + a28/5!... =
z — azr®S(az? (16a)
Us(z) = a{l — cos(a)’z) = 2%/2] — az*/4! +
@22%/61. .. = 22C(ax?) (16b)
Uyz) = alz ~ (a)?sin(a)%) = 23/3! — az®/5! +

az’/7!. .. = 238(ax?) (16¢)
It might be noted that the U; satisfy
U'+:(@) = Uj(z)

Substitution of these special functions, along with (9) and
(15b) evaluated at the initial conditions, yields the universal
formulation given in Refs. 4 and 5.
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The same mathematical treatment may be applied to the
perturbed two-body problem, defined by

= —vir/r® + £(r) 1
yielding
dr/de? + a(r)r = —e(@) + r'f()/»* (18)
dir/dz + alx)r = 1 4 r[r-£(r)]/»? (18a)
dt/dx = r/v (18b)

which are nonlinear variable coeflicient equations since a(z)
and e(z) are now slowly-varying orbit parameters whose
differential equations are given by

da/dr = —2(dr/dz) £(r)/v? (19)
de/dx = {2[(dr/dx) f()]r — [r-£(x)]dr/dz —
[r-dr/dz)f(r)}/»? (19a)

Burdet? resorts to a Cowell-type numerical integration of
Eqgs. (17-19) for analysis of motion about the triangular
libration point Ly, and, along with other investigators, demori-
strates the numerical adaptability and stability of the
regularized two-body equations. In the next section, a
general linearized perturbation theory is developed which re-
tains, to some degree, the analytic simplicity and tractability
of the unperturbed two-body equations.

Linearized Perturbation Equations

Linearized Encke-type perturbation equations, which
represent the difference in a perturbed system state vector and
some reference unperturbed conic state vector at the same
value of the independent variable z, may be obtained directly
by equating the first variation of the unperturbed system
[Egs. (11) and (14)] to the foreing functions of the perturbed
system [Eqs. (18-19)], the latter terms evaluated along the
unperturbed conie. The former involves a linear operation,
and the latter is an approximation which assumes the per-
turbation state vector to be small in comparison to the un-
perturbed state vector.

The resulting linearized perturbation equations are

¥ 4 adr* + réa + de = r4(x)/v? (20)
or*" 4 adr* 4 réa = rlr-f(r)]/»? (202)

where
Saf = —2r'-£(r)/v? @

8¢’ = {2[r" f()}r — [r-f@)r' — [r-r'[f(@D)}/v? (21a)

The asterisk superscript denotes what are referred to as fixed
perturbations, which compare the perturbed and unperturbed
systems at the same value of the independent variable x.
The corresponding difference in time, now regarded as a
dependent variable, is then given by

3t = or*/v (22)

Equation (22) demonstrates the fact that time is progressing
faster or slower along the perturbed trajectory than along the

Fig. 1 Vector geometry for reference parabola relative to
Earth-moon line.
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unperturbed trajectory; conversely, of course, the inde-
pendent variables are different at the same time.
Solution to Vector Perturbation Equation

The fixed = vector perturbation Eq. (20) may be written
along with the auxiliary Egs. (21) as

or 01 0 0\ /o
dfor*y [ —a 0 —1 —r [ ér*
zlose | = 00 o ofl s |7
S 00 0 0/\sja
0

r2f(r) /v?
20" — r'r — ¢/ 2l (x) /2 (23)
—2r" £(r) /v?

where the notation rr’; e.g. denotes the dyad, or outer, product
of the two vectors. Expressing (23) in the abbreviated form

d(6z*)/dz = F,[r(x)]6z* + g.ir@),r' (@) flr(x)]} (23a)

the general solution to this linear, variable-coefficient system
is given by

6z*(x) = ®[(z — 0),r(0),r'(0) 16z, -
fo "B[(z — 0),r(0),r' (o) g(0)do  (24)
where

Uiw)  Ux(w) —Us(w) ¢ra
—aUs(w) Ui(w) —Ux(w) ¢ra
0 0 1 0

0 0 0 1

Plwry),r'@] = (25)

where w = ¢ — y and

$ralwr@),r' )] = —1(y)(w/2)Usxw) +

') (a/2) [wUx(w) — Us(w)] —
ae[—Us(w) + (w/2)Uslw)] (26)

Fralw (@)t ()] = (0/02)¢ralwr(y) ' )]  (26a)

The fixed z scalar perturbation Eq. (20a) may similarly be
written as

d or* 01 0\ /or* 0
CHo* ) ={-a 0 —r o)+ rir s 12
AN 00 0/\sa —2r"£() /v?

or

(27)

d(6e*) /dx = Fi[r()]oe* + goir(z),r'(x) fr@)]} (27a)
with the resulting solution

32*(@) = W& — 0);r(0)"(0) oz +
[ 216 — 0700 e (0)ds (@8)

where
Ulw) Uzw) ¢
Ywr@),r' @] = | —alsw) Ulw) Yra (29)
0 0 1
and

Yralor@),r' @] = —r@y) (@/2)Uslw) +
(@) (@/2) [wUi(w) — Us(w)] +
a[=Us(w) + (w/2)Vs(w)] (292)
Yoralor @), ()] = ©/02)Yralwr®),r' @] (29b)
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APPROX IMATE THEORY
NUMERICAL {FORWARD}
NUMERICAL (REAR)
[oA]

Bvp (NORMALIZED)

Fig.2 Variation in parabolic velocity at perilune vs orien-
tation angle «.

A more complete discussion of the foregoing theory may be
found in Ref. 6.

Reference Parabola

The state transition matrices (26) and (29) are simplified
considerably by assuming the reference orbit to be a parabola,
for which o = 0. Thus

Plwr@y)r' ] =
1 w —w/2! —r@y)w?/2! — ' (y)w?/3! + ew*/4!

01 —w —r(y)w — ' (w?/2! + ew?/3! 30
00 1 0 (30)
00 0 1

and

Ylw,r@),r' ()] =
1 o —r@w?/2! — r'y)wd/3! — wt/4!
<0 1 —r(yw — r'(y)wr/2! — w?/3! > (31)
00 1

Li-Moon Trajectories

The application of the foregoing theory to the Li-moon tra-
jectory analysis is depicted in Fig. 1, where r represents an un-
perturbed parabola with perilune at the lunar surface and ér
represents the combined perturbation position vector due to
both the perturbing force and variations in the tangential
perilune velocity dv,, directed along jx.

The reference parabola is defined by the solutions to Eqgs.
(11,14, and 2) for a = 0, '

r = (p/2 — 2%/2,(p)"*x)" (32)
t' = (—z,(p)")” (32a)
r = p/2 + 2*/2 (32b)
t = px/2 + 2%/6 (32¢)

Since p = 2r, for a parabola, solutions obtained in terms of =
will be expressed through Eqg. (32b) in the nondimensional
form

N = 2/() = (r/ry — DI (3
The attraction of the Earth is given by
f(r) = p[R — 1)/|R — 1> — R/R?] (34)
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Expanding (34) in ascending powers of r and assuming the
Earth to be fixed along the final orientation of the Earth-L;-
moon line in the nonrotating lunar space, the attraction of the
Earth f(r) is approximated to first order in r by

e [3cos2w + 1 —3 sin2w
fr) = & ‘
®) 2R? < —3sin2w  —3 cos2w + 1>r (35)

Since the analysis is considering only variations in the initial
perilune velocity vector, (i.e., ér, = 0), expressed in the regu-
larized domain as

aro, = 6Vo/jo (36)

the terms da, and dg, in Eqs. (24) and (28) may be expressed
simply as

by = =21, -8, /1ot (37)
de, = [2r,r," — 1,1, — 1,/ 11101, /1,2 (37a)

Substitution of Egs. (30) and (37) into Eq. (24) results in a
somewhat simpler form for the integration of ér* recalling
thatr” = —efor the parabola

or* = {[r Mz + [t.'T, + ./ v, ] [22/2) + [r.'1.]223/3] +
e 1208/4130n /it + [T = o) +
t’(a)x(o) + 1’ (o) - r(a)(x — a)?/2! +
[t (o)1’ (0)]2(z — 0)¥/3! + [r"(o)r'(0) 12(x — o)%/4!} X

flr(o))do/pn (38)
Using (32) and

or,’ = [0,6r,'1T (39)

where
or,) = &vy/do (40)

the homogeneous part of (38) reduces to

o™ = [@eo(N),yo(N) 1767, (41)

where
¢a(N) = —(p)/*\/3 (42)
duo(N) = (D)2NEN + 3)/3 (42a)

Equivalently, changes in the final fixed 2 regularized velocity
vector are related to ér,’ by

™ = [¢=0'(N) s’ (M) 1707, (43)

where
dsr’ (N) = —4NY/3 (44)
¢’ () = 4N + 1 (44a)

Using (32), the integrand of (38) may be expanded in ascend-
ing powers of (p)2 up to and truncating at O(p?), and the
integral may then be expressed in descending powers of the
nondimensional parameter \. Retaining only the highest
power of A [since x 3> (p)/? in vicinity of L], the particular
solution to Eq. (38) is

oram* o pe N 70\ —N\8[3 cos2w + 1]/28) 45)
o \ pm J\R N8 sin2w/14

dran*  f e N[0\ — N3 cos2w + 1]/7) (46)
®"  \pn/\R N2 sin2w]/7
The homogeneous solution to the scalar perturbation Eq.

(28) is simplified by noting that for
ot, = or, = 0 (47)

and
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r,-r, =0 (47a)
1,81, =0 (47b)

we obtain
T = 1,1, /1, = 0 (48)

= (t,/-8r, + 1,-81,") /rs — [(To-0L0) (To-T.")[/7,°  (48a)
Thus, using Eq. (31), we obtain
Stan* = —p2(\/4 + N/4)ba, (49)
where
Sa, = —2r, -0t /rst = —2(p)%r," /r.? (50)
and
dran* = —()*2(\/2 + N*/3Nda, (51)

The particular solution to Eq. (28), retaining only the term of
the highest power of X, is given by

oran*/ro = (ue/tm) (ro/B)*(3 cos2w + 1)N8/28  (52)

The difference in time between the perturbed and unper-
turbed systems is then obtained from Eq. (22)

6" = (bran™® + dr@*)/vm (53)
6t = {p(2NY/3 + No/15)ér,” +
(0)%*(e/ um) (ro/ B)3(3 cos2w + 1)N9/512} /v, (53a)

Referring now to Fig. 1,

ry(@) = () + oran*@) + orm*(@) (54)
Using the expansion
T =2z + 0z (55)
and
r(zx) = r(xz) + 1'(zn)dx (56)
where
T, = @ro — p)? = 0)'Ai (57)
and the approximations
dran*(N) =~ dran* (N (58)
drm*(N) ~ drem* (i) (58a)
Equation (54) becomes

-7 003w> (ro — x1,2/2

71, Sincw (p)Y2xy,
o ) b + drn* + (%(m)) o, (59)
(p)l/Z (Fy ¢ v

(T L)

0.3

APPROXIMATE THEORY
NUMERICAL (FORWARD)
NUMERICAL {REAR)

025

t (NORMALIZED)

0.2

-k - |
5 20 25
w , deg

Fig.3 Transittimebetween perilune and L, vs orientation
angle w.
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Fig. 4 Axial-velocity component ¥V, at L; vs orientation
angle .

and the terms r,” and 6z are obtainable from

o, _ 1
ox ) (p) 1/2¢xV(xL1) + xLl¢yv(xLl) X
(p)1/2 Zr1 ){(——m cosw — T9 + xL12/2>

—Pyo(Tr)  Pro(@iLy) 71, Sinw — (p)l/ZxL
or <F>*} (60)
From Eqgs. (42) and (45) and noting that

(B Phen@n) + Trdin(@n) =
pALP(A? + 1) = 2rph? (61)

we obtain an approximate relation for the variation in perilune

velocity as a function of the orientation angle w

or,'/(pY2 = 8v,/vy, = {Ap, sinw — cosw + 1 +
(to/ tim) (ro/R)3(ro/r1s) [N13(3 c0s2w + 1)/28 —
A.® sin2w/14]} /28,2 . (62)
The term 6z may be expressed as
dz/(p)V/2 = 6\ = {(4\n? + B)[rulcosw + 1) +p +
0t — Arllro, sinw — phg —
8ty *1} /6Npir,  (63)

The resultant velocity vector of arrival at L, in the nonro-
tating space is then

Vi, = /L, = T/va/ro (64)
where

r/ (@) = t'(en) + r"@w)dr 4+ oran*(r) +
orm* (@) (65)

The time of arrival at L, is obtained from
tz,, - t(ﬁLl) + 6t(x111) + 51‘ (xLl)/itLl (66)
where 6t is obtained from Eq. (53a).

Results

All parameters have been normalized to the dimensions of
the Earth-moon system, namely,

Length: R =
Mass:  Me T+ fm =1 (67)
Time n? =1= (g + pn)/R?
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Fig. 5 Lateral-velocity component ¥V, at L, vs orientation
angle .

Normalized velocities are then related to unnormalized veloci-
ties through

v = [(pe + pm)/R1Yn0rm (68)

and a unit of time is equal to P,/2m, or approximately 44
days. The value for un, was taken to be 0.0121507, cor-
responding to w./pum ~81.3, with vz, = 0.151 and r, = 0.00427
(1740 km) (Ref. 1). All calculations were made for the ideal-
ized planar Barth-moon system, i.e., both bodies in circular
orbits about the barycenter.

The exact nonlinear perturbation equations were numeri-
cally integrated for lunar orbits from the moon to Ly, passing
both in front of and behihd the moon. Because of the reflection
property of Earth-moon trajectories in the earth-moon line of
the rotating frame (exact), the velocity vecfor of departure
(arrival) in the rotating frame for passage beliind the moon is
the reflection of the velocity vector of arrival (departure) for
passage in front of the moon. With regard to the analytical
theory, the simplifying assumption of the fixed Earth renders
the departure and arrival-velocity vectors identical, for pas-
sage either in front of or behind the moon.

Figure 2 presents the variation in v, as a function of w,
ov, being related to parabolic velocity v, at perilune through
Eq. (62). The variation in total transit time, Eq. (66), as a
function of w is shown in Fig. 3. It might be noted that the
lunar longitude at the time of perilune passage must neces-
sarily be obtained from

Longitude = 7 — w — tx,(w)

The velocity vector of arrival/departure in the rotating Earth-
moon space is

vlf’,l = =% [CR/N ‘;\1;1 + n X l‘};l] (69)
where 4+ = arrival, — = departure, n = kr = ky, ré’ =
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7R, and

Crre = (GOS0 —sinw
RN +sinw *cosw (70)
where + = passage in front of moon, and — = passage be-

hind moon. The arrival-velocity component v, along iz is
given in Fig. 4, and the lateral-arrival velocity component
vy is shown in Fig. 5 for passage in front of and behind the
moon. The differences in the numerical integrations may be
viewed, in the nonrotating frame, as the difference in geometry
of the Earth attraction relative to the lunar orbit, while in the
rotating frame simply reflect the fact that passage in front of
the moon takes advantage of the moon’s motion about L;.
The degree of agreement between the approximate theory and
either of the numerically integrated data would seem to de-
pend on the validity of the approximate assumed geometry
relative to either of the exact geometries of the Earth attrac-
tion.

Conclusions

A linearized-analytical-perturbation theory, based on regu-
larization of the perturbed two-body problem, has been pre-
sented and applied to the analysis of a particular class of tra-
jectories between the moon and the cislunar-libration point
Ly. The approximate relations presented appear to yield
close agreement to corresponding numerical data. DBecause
of the relative simplicity of analytical manipulations in the
regularized domain, numerous refinements to the approxima-
tions used herein might be used to refine further the analytical
representation of the class of trajectories investigated. In
addition, other classes of reference orbits might be investi-
gated, including the general rectilinear orbits. One interest-
ing feature of analysis in the regularized domain is that both
time-varying and position-dependent effects may be easily
investigated since both time and position are explicit fune-
tions of the independent variable.
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